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Let P be the distribution of a stationary marked point process on R and let Pi be
its Palm distribution with respect to a set L of marks. The probability measures P;,~,
i E Z, arise from P by shifting the origin to the ith occurrence with mark in L. In
Nieuwenhuis (1991) the well-known approximation of P~ by the mean of Pl,t, ..., Pn,t
under an ergodicity condition was proved to be uniform. If this condition is not satisfied,
then the (uniform) limit of this mean can still be characterized.
In this paper it is proved that in the results just mentioned P may be replaced by
Pi,, where L' is another set of marks with L fl L' - 0. In a`dual' theorem the roles of P
and Pi are interchanged. Starting from PL the uniform convergence of a Césaro mean of
shifted probabilities is considered. Under a weak ergodicity condition the limit is equal
to P.
AMS 1980 subject classifications. Primary 60G55; secondary 60G10, 60F15.
Key words and phrnses. Palm distribution, marked point process, cross-convergence
results.2
1 Introduction
Let K be a complete and separable metric space. A marked point process on R with
mark space K is a random element ~ in the class of all integer-valued measures ~ on the
a-field Bor R x Bor K such that:
y~(A x K) G oo for all bounded A E Bor R.
Let MK be this class and endow it with the a-field ~íK generated by the sets [yo(Ax L) -
k] :- {~p E MK : y~(A x L) - k}, k E No, L E Bor K and A E Bor R. The distribution
of ~ will be denoted by P, a probability measure on (Mx, JNK).
For y~ E MK and L E Bor K we define cpL E MK and the counting measure cp~ on
Bor R by ~pL(B) :- cp(B fl (R x L)) and ~pL(A) :- y~(A x L), B E Bor R x Bor K and
A E Bor R. Set
M .- y~ E ltil~,- : y~L(-oo,0 - cpL(0, oo); y~K s) G 1 for all s E R, L ~
ML :- {4~ E li1L : ~L({0}) - 1},
JViL :- ML (1 JViK and ML :- M~ Íl J:~iK,
L E BorK. Define ~(L) :- E~L(0,1]. It will always be assumed that ~(or rather
P) is stationary (i.e., ~(t f.) -d ~ for all t E R), that P(A1K )- 1, and that the
intensity a(K) is finite. We will only consider L E BorK with P(tlii)- 1. The atoms
of cp E MK are denoted by (X;(y~), k;(y~)) E R x K, i E Z, with the convention
... G X-i(~) C Xo(4o) L 0 G Xi(4~) G....
X;(y~) is interpreted as the ith occurrence (or point) of y~, k;(cp) as the accessory mark.
For cp E Mi we write X;'(y~) :- X;(~pL), the `ith L-point of y~', and ~;'(cp) :- X~l(y~) -
XL('P)-
Two types of shifts will be considered. The time shífts T~ : MK ~ Mj~ , t E R, are
determined by Ticp(A x L) :- ~p((t ~- A) x L), ~p E MK, A E BorR and L E BorK.
Note that cp(t f.) - T~~p can be represented by {(X;(y~) - t, k;(y~)) : i E Z}. For fixed
L E Bor K with P(Mi )- 1 the point shifts 19,,,L : Mi --. Mi , n E Z, are defined by3
~9,,,tc~ :- y~(Xn (c~) f.). The probability measures P,,,t :- Pt9;,i, n E Z, on (Mi~~i)
arise from P by shifting the origin to the nth occurrence.
Let L E Bor K be such that P(Mi )- 1. We now consider the Palm distribution
Pi of ~ with respect to L. The formal definition of Pi follows below, but intuitively
Pi is the conditional distribution of ~ given the occurrence of an arbitrary L-point in
the origin. This intuitive meaning of P~ can (at least in the ergodic case) indeed be
confirmed, since P~(B), B E ~Ni , can be approximated by
n
n~ P[i9,,,tc,o E B], n E N,
~-i
if ~ satisfies some weak ergodicity condition. Here [~9,,,t~p E B] :- {~p E ML : 19,,,t~p E
B}. In Nieuwenhuis ( 1991) it has been proved that the convergence in question holds
uniformly for B E A~ti. If, however, this ergodicity condition is not satisfied, then the
(uniform) limit Qi(B) of the sequence in (1.1) is not necessarily equal to Py(B), but
can still be characteriaed. See Theorem 1.2 below.
In Section 4 it is proved that in the above results (as stated in Theorem 12) P may be
replaced by Pi,, where L' E Bor K is another set of marks, L fl L' - 0. The resulting
theorem concerns the limit behavior of (n-1 ~;1 Pi,(~9,,,t4~ E B])„EN. It can be compared
with Theorem 3 in Konstantopoulos and Walrand (1988), which in essence concerns weak
convergence of (Pi,[i9n,ty~ E .])„EN under some mixing condition. See also Kónig and
Schmidt ( 1986).
In Section 3 the roles of P and PL in Theorem 1.2 are interchanged. It is proved that
the Césaro mean
1 t
t~ P~[Ttc~ E B]dx, t E(O,oo),
tends to some limit Qt(B) as t~ oo, uniformly for B E Nl~. The probability measure
Qt turns out to be equal to P if some weak ergodicity condition holds. The probability
measures Qt and Qi are connected.
Our treatment involves conditioning on invariant o-fields. Some preliminary lemmas are
proved in Section 2.
In our proves we have to go from P~ to P or from P to Pi, several times. The method used
to bridge these gaps (the `R.adon-Nikodym approach', see Nieuwenhuis ( 1991; Section
1)), is a consequence of Theorem 1.1.4
We next formalize some of the notions mentioned above and give some other defini-
tions and notations.
For L E Bor K with P(Mi )- 1 the Palm distribution Pi of ~ (or rather P) with respect
to L is defined by
4((o,1]x L) l
Pi(A) :- ~(L) E ~ la(~r,L~)J
, A E~li.
~-i
Intuitively Pi arises from P by shifting the origin to an arbitrary L-point. Note the
difference between Pi and Po,L, in notation as well as in interpretation. Several prob-
ability measures on (Mi ,~li ) have been defined now: P, Pi, P,,,L. In this research
expectations with respect to these measures are denoted by E, Ei, E,,,L, respectively.
When another probability measure Q on (Mi ,~tL ) is considered, we will write EQ.
Expectation with respect to an universal probability space (f2,.P, P) is (as in (1.3)) de-
noted by E.
Note that PL(i1~li) - 1. The probability measure P~ has the following properties:
Pi~9ni- P~ for all n E Z, (1.4)
P(A) -~(L) ~~ Pi~-~i(5~) ~ u; 4~(u f~) E A]du, A E A~tL . (1.5)
See Franken et al. (1982), )Vlatthes, Kerstan and Mecke (1978), Kallenberg (1983~86),
and Brandt, Franken and Lisek (1990) for more information.
The inversion formula (1.5) expresses P in terms of Pi; the definition in (1.3) expresses
PL in terms of P. There is another way of going from Pi to P (and vice versa). The
essence of the approach in question is contained in the next theorem. It is proved in
Nieuwenhuis (1989), with an extension to marked point processes in Nieuwenhuis (1991;
Section 5).
(Two probability distributions Ql and Q2 on a common measurable space are said to
be equivalent (notation Q1 ~ Qz) if they have the same null-sets. A Radon-Nikodym
derivative of Q1 with respect to Qz is denoted by dQ .)5
Theorem 1.1 Let n E Z and let L E Bor K 6e such that P(M~)- 1. Then
(i) Pn,L ~ Pi,
(ii) d - ~(L)aL„ Pi-a.s.
t
Suppose that f: ML -a R is Pi-integrable. We are now able to express the Pi-
expectation of f in terms of a P-expectation:
E~f - ~(L)Eo,L ( ~á f~ - ~~L)E I ~ó f o t9o,L~ .
Reversely, if g : Mi ~ R is P-integrable with Eg - Eg o ~9o,L, then P-expectation of g
can be transformed to a Pi-expectation:
Eg - Eo,Lg - ~(L)EL( aóg). (1.7)
For more information we refer to Nieuwenhuis (1991). The approach in (1.6) and (1.7),
where Po,L is used as a bridge between Pi and P, is very common in this research.
Consider the following invariant v-fields:
Z'L:-{AENti : T;'A-AforalltER}and
ZL :- {A E ~1L : ~3,.LA - A}.
~(or rather P) is called ergodic if P(A) E{0,1 } for all A E ZK; it is called pseudo- L
-ergodic if
Ei(aó~ZL) - ~(L) Pi - a.s.
Pi is called ergodic if Pi(A) E{0,1} for all A E ZL.
The following theorem has been the inspiration and motivation for this research. In
this cross-convergence result Pi is approximated when starting from P. It is proved in
Nieuwenhuis (1991; Sections 4 and 5).6
Theorem 1.2 Let L E Bor K be such that P(,~fi)- 1. Then
1 "
n~ p~~;.L4~ E B] ~ E(E~(1B~ZL)) -: Qi(B)
~-i
(1.10)
uniformly for B E~lL . The probability measure Q~ on (111i , Nli) is equivalent to Pi
and
dQi
dPi - ~(L)Ei(aó~Zt) PL - a.s.
Q~ and Pi ar~e equal iff ~ is pseudo- L-ergodic.
Let Ql and Q2 be probability measures on a common measurable space, both dominated
by a a'-finite measure tc and having densities hl and hz respectively. The total variation
distance between Q1 and Qz is defined by
d(Q~,Qs) :- f ~h~ - hs~dF~.
It is well-known that
d(Q~,Q~) - 2sup IQ~(A) - Qz(A)~ - 2(Q~[h~ ? hz] - Q~(h~ ? hz]). (1.11)
A
As a final remark we note that, when talking about Radon-Nikodyn derivatives, the
supplement a.s. (almost surely) is often suppressed.
2 Conditioning on invariant ~-fields
One of the objectives of this research is to obtain some uniform cross- convergence results
without assuming ergodicity. To realize this in this general setting we will condition on
invariant a'-fields.
Recall the definitions of ZL and Zi in (1.8).7
Lemma 2.1 Let L E Bor K. Then:
(a) If A E ZL, then ~9;;LA - A for all i E Z.
(b) ZL - Zi.
Proof. Let A E ZL. For ~i E~1i we have
tli E A iff ~91,t~(i E A. (2.1)
Let ~p E Mi. Since ~91,L -~i,t o~o,t, we obtain (by applying (2.1) twice) that
~p E A iff t91,L(~o,Ly~) E A iff ~o,L~p E A.
Consequently, ~9ó,~A - A.
Since ~9o,L - ~i,L ~~-1,L~ we have for cp E M~ , as another consequence of (2.1),
~ E A iff ~9~.L(~-~,L4~) E A iff ~9-~,LS~ E A.
Hence, ~9-i,LA - A. Since ~9;,L -~i.t and ~9-;,L - ~9'1,L for all i~ 1, part (a) follows
immediately.
For A E Zi we have: y~ E A iff Tty~ E A, for all t E R and yo E My . Consequently,
y~EAiff~91,Ly~EA,forall~E!f1L. So,~9i,~A-AandZiCZL.
Let A E ZL. By (a) we have
y~ E A iff ~9;,Ly~ E A, for all ~ E t11i and i E Z. (2.2)
Let y~ E Mi and t E R. Take i E Z such that X;' 1(y~) C t C X~(cp). Then
T~y~ E A iff ~9,,L(Tt~p) E A iff ~9;,Ly~ E A iff ~p E A,
cf. (2.2). So, Tt 'A - A and ZL C 7L. Part (b) follows immediately. ~8
Note that as a consequence of Lemma 2.1 every ZL-measurable function f: M~ ~[0, oo)
satisfies
f o~~,L(4~) - f(~) and f o Tt(S~) - f(~P) (2.3)
forallcpEMi,iEZ,andtER.
In view of Section 4 we next consider two disjoint sets of marks. So, let L, L' E Bor K




.- ML n Mi and ~1~1LL, :- MiL, n.Mx,
.- {A E Mit' - ~~,iA - A},
.- {AE~iL~,:T~'A-AforalltER}.
In this context the maps ~91,L and Ti, t E R, will always be restricted to A1LL,. The
following relations can easily be proved:
Z'L n Mi - Z'L,L, and ZL n Mi - ZL,L';
Z'L,t, C Zi and ZL,L' C ZL
At first sight part (b) of the next lemma seems rather surprising.
Lemma 2.2 Let L, L' E Bor K with L n L' - 0. Then:
(a) If A E ZL,L~, then t9;.~A - A for all i E Z;
(b) ZL,L' - ZL,L' - ZL',L~
(2.4)
Proof. The proof of (a) is similar to the proof of Lemma 2.1(a). Part (b) is an immediate
consequence of Lemma 2.1(b) and (2.4) since
Zi,L' - ZL n Mi - ZL n Mi - ZL,L' - rL',L
- Z'L, n Mi - ZL, n M~ - Zv,L. o
Next a stationary point process ~ with distribution P is put upon the stage. Suppose
that P(Mi )- 1. Since Zi C Z'K and Z'L - Z'K n JN~ , the o-field ZK in the definition9
of ergodicity of P in Section 1 may equivalently be replaced by Zi. As a consequence of
Lemma 2.1(b) we obtain:
P is ergodic ~ Pi is ergodic,
P is ergodic ~ P is pseudo-L-ergodic.
See also Nieuwenhuis ( 1991; Section 4).
In the following lemma some special conditional expectations are compared. The ran-
dom variable Ni : Mi -. I~'o is defined by Ni(~p) :- ~pL(0,1].
Lemma 2.3 Let L, L' E Bor K with L fl L' - 0 and P(Mi ~,) - 1. Then:
(a) Ei(~óIZL) ~ 0 and E( ó ~ZL) - E(N' ~Z~) - EL(á~ P- and Pi-a.s.
(b) E(aó ~ZL.L~) - EL(a -~-~Z) Pi,-a.s.
Proof. Let A E ZL. Note that aó - aó o ~9o,t. By (2.3), Theorem 1.1, and (1.3)
we have
E(lAE( ~~IZc,)) - E(la ~L) - Eo,i(lA ~~) - ~(L)Pco,(A) - E(lAN~ ).
~o ao ~o
Under P the first equality in the right-hand part of ( a) is a consequence of this obser-
vation. Since Pi and Po,L have the same null-sets, this equality is also valid under Pi.
(The left-hand part of (2.3) is used here.) Set B :- (Ei(aá (ZL) G 0]. Then
~ ~ Ei(1BEi(aó~Zt)) - Ei(1Baó).
Since P~[~ó 1 0] - 1, we obtain
Pi(B`) - 1 and P(B`) - E(18~ 0190,~) - Po,L(B`) - 1.
The left-hand part of (a) follows.




- E lq O 19p.L 1
EL(aOIZt) ~ ~O,L)
- a(L)EL Cap la
Ei(~c,))
- ~(L)Pi(A) - E C1A~ I .
olll
equality we conditioned on ZL. The right-hand part of (a) follows immedi-
Next (b). Since ZL,L- - ZL n Mi and P(Mi ~,) - 1, it is obvious that (a) remains valid
if ZL is replaced by ZL,L~. So, part (b) holds under P. Since ZL,L~ - ZL~,L C ZL~, both
conditional expectations in (b) are ZL~-measurable. Hence, equality holds Pp,L,-a.s. as
well. By Theorem 1.1(ii) part (b) follows. O
The following equality is proved in Nieuwenhuis (1991).
Ei Cf ao g o T,ds~Zt~ - E(gIZL)Ei(~ó ~ZL) P- and P~- a.s. (2.6)
0
Here g :~1~ -~ R is P-integrable. It holds as well with ZL replaced by ZL,L~. According
to the above reference Relation (2.6) can be considered as a conditional version of the
inversion formula (1.5).
3 Approximation of P
In this section convergence of the Cesaro mean t'I fó Pi[Try~ E B]dx will be considered.
The limit QL(B) is related to the limit Qi(B) of (1.1).
By a generalization of Theorem 3.1 in Nieuwenhuis (1991) (see Section 5 of this
reference) it is obvious that
1 t
- f 1B o Trdx -~ E(1B~ZL) P- and Pi-a.s. (3.1)
t o
for all B E~1L . The limit equals P(B) if ~ is ergodic. By dominated convergence we
have
t Jot PL(TZ~P E B]dx --~ Ei(E(1BIZL)] -: QL(B) (3.2)11
for all B E~1i . QL is a probability measure on (Mi ,~ti). By Theorem 1.1(ii) and
conditioning on Z~ we obtain
Qc(B) -~(L) E L
~o E(la~ZL)J
-~(L)E L1BE `oó IZ`I J
Since E(l~a:ó ~ZL) ~ 0 P-a.s. (see Lemma 2.3(a)),
Qt n- P and
ddPL -,1(L) E ( ó ~ZL)
P-a.s. (3.3)
This observation will be used in the proof of the following theorem.
Theorem 3.1 The convergence in (3.2) holds unijormly for B E JVIi . If ~ is pseudo-
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C a(~1[IxóI~il }~(L)too 1[[x; ~~i]
~,~(L)aó 1[Ixó ~~e) f.~ L t
for all B E~ly . As a consequence the left-hand side of (3.4) is bounded from above by
~(L)E (~ó 1[aó~:]) f~(L)t - 2Pi(ao 1 t] f~(L)t,
which tends to 0 as t~ oo.
Next (3.5). Set
Qi,t(B) -- ~(L)t ~t E (al-[,1B o TZ~ dx.
0
Note that Q~,~ is a probability measure on (Al~ , Mi). By (3.1) and dominated conver-
gence we obtain
Qe,L(B) -' E~~(L)aó E(1BITL)J as t-. oo. (3.6)
Since E(1B~ZL) - E(1B~ZL) o do,~, the limit in (3.6) equals QL(B). By stationarity and
Fubini's theorem we have
Q~,~(B) -(1) ~` E~ L 1 1B~ dx - E~1B (1) f` L 1 dx~ .
~Lt o aooT-r .~Lt o ~ooT-r
So, Qt,y is dominated by P and
dQ~,L 1 ~~ 1
dP - a(L)t Jo ~ó o T r
x P-a.s.
By an ergodic results similar to (3.1) we obtain
t
1 ~ L 1 di -~ E 1 ~ ~Z~ P-a.s.




for all n E N. Lemma A2.1 in Brandt, Franken and Lisek ( 1990) ensures that
~n-1 Jó(aó o T-z)-lda) is uniformly P-integrable. By (1.11), (3.7) and (3.3) it is
nEN
obvious that
d(Q~.L, QL) - E
e 1 ~ 1 1 1
a(L)t Jo ao o T-Zdx -~(L) E áó ~Zt ~0
as N~ t~ oo, which proves (3.5) for discrete time-parameter. The transition to
continuous time-parameter follows immediately.
The second part of the theorem is a consequence of (3.3), the definition of pseudo-L-
ergodicity in (1.9), and Lemma 2.3(a). o
Note that by stationarity of P and the right-hand part of (2.3),
QL~Ta4~ E B~ -~~L)E ~E ~á~ZL~ 1B o TaJ
` o
~(L E LE `ó IZ~~
leJ - QL(B)
for all B E~li. Hence, QL is stationary. Since Q~ - P and QL - Pi (see (1.10))
provided that ~ is pseudo-L-ergodic, one might wonder if QL is the Palm distribution
with respect to L associated with QL.
To prove that this is usually not the case, let Qi be this Palm distribution associated
with QL and let ~(L) be the intensity of QL. Recall the definition of Ni in Section 2.
By (3.3), conditioning on ZL, Theorem 1.1, and Lemma 2.3 we have
~(L) - EoLNi - ~(L)E (ó E(Ni ~ZL)) - ~(E(Ni ~Zi)) - Ei(1~~(aó (ZL))-
Since (cf. (1.3) and (3.3))14
Ni
1
Qi(B) - ~(L) Evc ~ le o ~~.t
~-~
for all B E ~NL, we obtain
Qi(B) -
Ei(1~Eío.~( ó ~It)))' B E~ti .
rNi
1 E I~1BOt9~.t'E(
1tIIt)J ~(L)~(L) l~-i ~o
N l
~(L)~(L)E ~~ (1BE (át~ZL~~ o~;.tJ ;-1 0
0 ~(L)Et `1BE `~t'Ztl ~
Consequently,
Q~~Pi and dQi - 1~E[o,Í~ó~Zt)
dPi Ei(lIEi(aó~Zt))
Hence (cf. Theorem 1.2),
dQi dQidPi 1~(Ei(aó~Zt))~
dQg - dPi dQ~ - a(L)Ei(IIEi(~ó~Zt))
and
Qi - Qi iff 4' is pseudo-L-ergodic.
This last result ensures that Q~ is the Palm distribution with respect to L associated
with Qt iff 4i is pseudo-L-ergodic.15
4 Approximation of PL starting from PL~
Let L, L' E Bor I~ be such that Lf1 L' -~ and P(Mi~,) - 1. In this section our emphasis
is on the Palm distributions P~ and Pi,, now considered as probability measures on
(M~L,, M~t,). Relation (1.10) expresses uniform approximation of P~, starting from
P. It holds as well with PL, instead of P.
Since the restriction of Ei(1B~Z~) to Mi~, equals Ei(1B~ZL,L~) Pi- and P-a.s., the
following cross ergodic theorem holds:
1 "
-~ 1B o 19~.~ ~ Ei(Ia~ZL.[,~) P-a.s.,
n ~-i
B E J~1i~~. Our starting point is now Pi,. So, we are interested in the probability
measure QL,L~ defined by
Qc.c,~(B) -- Ei~~Ei(lalZL.v)~, B E ~ti~,. (4.2)
Since Zt,t~ - ZL~,~ (cf. Lernma 2.2), it follows that
Po.c~(A) - E( ln o do.L~) - E(la) - E(lA o t9o.L) - Po.L(A)
for all A E ZL,~~. 5et ll~lo :- MLf1Mi and Ao :- [Ei(1,~yo~ZL,L~) - 1]. Since Pi(Ao) - 1,
Ao E I~,L~, and P~ ~ Po,t, we obtain: PL,(Ao) - 1. ConsequentlY, Qt,t~(Mo) - 1.
Using the Radon-IV`ikodym derivatives dP~,~dPo,~~ and dPo,L~dP~, cf. Theorem 1.1, we
obtain
QL,L~(B) - ~(L,) E I oo, E~(1BIzL.L-)J
~(L,) E I E(~L~ ~Zc.c~~ Ei(18~ZL.c~)J L o
~~L~~ L
aóE (á ~~ZL.[,~ ~ EL(1B~zL,L,)1
0
~~L~ Ei L
Ei(1BEi(~ó ~Zt,L~)E I a~~ ~ZL,L ~ ~Zc..L~)J ` o16
-~(L) Eo f 1B ~(aó ~Zt.t') 1
- ~(L') t l Ei (nó~~ZLt )J'
B E ~fy~,. In the second and fourth equality we conditioned on Zt,t,; the last equality
is a consequence of Lemma 2.3(b). Consequently, on (MiL,, ~1~1it,) we have:
0
Qt,t~ ~ Pt and dQt.t~ ~(L)E~(~ó (ZL.t~)
dPi - ~(L')Ei~(~ó~~ZL,t~)
This observation is essential for the following theorem.
Theorem 4.1
(a) Relation (4.1) holds as well with Pi, ínstead of P.
(b) The convergence
1 "
n~ PL'~~i~L~ E B~ -~ QL,L'(B)
,-i
is uniform for B E.ML t,.
(c) If ~ is pseudo-L-ergodic and pseudo-L'-ergodic, then Qt,t, equals Pi.
Proof. Let v : MiL, -~ No be defined by v(c,~) :- yot(Xó ~(y~), 0], y~ E Mit,. 5ince
~;,t o ~o,t~4~ - ~(XL „~w~(4~) f -), we obtain
n 1
Po,t~ n~.1B o di,t ~ Ei(1B~ZL,L~)J ,-i
- P [,'-,~18 0 ~~-~,t --~ Ei(1eIZL.t~)J r-i
n-v l
- P n~ 1B ~ ~7,L -~ Ei(IaIZL,t~)J
,
jcl-v
B E A~IiL,. The last probability equals 1 since (4.1) remains valid if in the summation
n is replaced by n- v. Since PL, ~ Po,t,, part (a) follows immediately.17
By dominated convergence it is obvious that (4.4) holds for all B E~liL,; only the
uniformity of the convergence remains to prove. Define
n-v(~p)
Rn(B, ~) -- ~ 1 L, 1 ~ 1B ~~j,L(S~),
~(L )~o (4~) n i-1-~(v)
Sn(B, ~P) ~-
~(L~)~L (V~) n.y 1B
o ~9j,t(4~),
o ~-1
for ~p E MiL, and B E JNLL,. Note that the left-hand side in (4.4) equals ERn(B).
Since




for all y~ E 1~1~L,, we obtain:
EI Rn(B) - sn(B)~ S~(L,) E I~o, li~~n~J } n~(L') E [aó'J '
uniformly for B E,MiL,. This upper bound tends to 0 as n-~ oo. Hence, it is sufFicient
to prove that
suP ~ESn(B) - C~lL,~'(B)~ -. 0 as n-. oo .
BEMi,L,
For this we define probability measures p;,~ as follows
F~;,c(B) :- E I~(Ll)~o,1B o~9~,LJ
, B E~1iL,.
By (1.5), Fubini's theorem, and (1.4) we obtain:
~~,c(B) -~(L') Jo~ EL [aL' o T (1B o ~9;,L o T„)1 ~ 1II du
0 u Ioo ,u)J
aL 1 0 ~ 1






- p QO~ O T„ o ti-i.L
Hence, for all i and n E N we have
~i,L ~ PL an d dl~i,L ~(L)
dPi - ~(L~)Oi,
dES„ a(L) 1 "
ES„ K Pi and
dPL - a(L,) n~ n;.
By (4.3), (4.7), and the definition of d just above (1.11) we obtain
d(ESn,Qt.t') - ~~L~Ecp.
1 n Ei(aó ~Zt,L')
-~~~ - o L'
n i-1 EL'(~0 IZL,L')
Note that (r~; ) is Pi-stationary. So,
1 " aó 1
n~ 0; -~ Ei ~~ oL, o T du~ZL,L' P~- a.s. (4.9)
;-~ 0 u
By (2.6) and Lemma 2.3(b) the limit in (4.9) is equal to
o L `
E~~o, ~TL.v~ EG(aó ~ZL,G') - E~
(~ó ITL,LII
P~- a.s. (4.10)
Since the sequence (~; 1 n;~n) is uniformly P~- integrable (cf., e.g., Brandt, Franken
and Lisek (1990; L.A2.1)), we obtain by (4.8)-(4.10) that
d(ES,,, QL,L~) -i 0 as n~ oo,
see also Brémaud ( 1981; Th.T26). This proves (4.5) and hence part (b).
Part (c) is an immediate consequence of (4.3) and Lemma 2.3. o19
References
Brandt, A., P. Franken and B. Lisek ( 1990). Statíonary Stochastic Models, Wiley, New
York.
Brémaud, P. (1981). Point Processes and Queues, Springer, New York.
Franken, P., D. Kónig, U. Arndt and V. Schmidt (1982). Queues and Point Prncesses,
Wiley, New York.
Kallenberg, O. (1983~86). Random Measures, 3rd and 4th editions, Akademie-Verlag
and Academic Press, Berlin and London.
Kónig, D. and V. Schmidt (1986). Limit theorems for single-server feedback queues
controlled by a general class of marked point processes, Theory Prob. Appl. 30,
712-719.
Konstantopoulos, P. and J. Walrand (1988). On the weak convergence of stochastic
processes with embedded point processes, Adv. Appl. Prob. 20, 473-475.
Matthes, K., J. Kerstan and J. Mecke (1978). Infinitely Divisible Point Processes,
Wiley, New York.
Nieuwenhuis, G. (1989). Equivalence of functional limit theorems for stationary point
processes and their Palm distributions, Probability Theory and Related Fields 81,
593-608.
Nieuwenhuis, G. (1991). Bridging the gap between a stationary point process and its
Palm distribution, Research Memorandum FEW' 502, Department of Economics,
University of Tilburg.i
IN 1991 REEDS VERSCHENEN
466 Prof.Dr. Th.C.M.J. van de Klundert - Prof.Dr. A.B.T.M. van Schaik
Economische groei in Nederland in een internationaal perspectief
467 Dr. Sylvester C.W. Eíjffinger
The convergence of monetary policy - Germany and France as an example
468 E. Nijssen
Strategisch gedrag, planning en prestatie. Een inductieve studie
binnen de computerbranche
469 Anne van den Nouweland, Peter Borm, Guillermo Owen and Stef Tijs
Cost allocation and communication
470 Drs. J. Grazell en Drs. C.H. Veld
Motieven voor de uitgifte van converteerbare obligatieleningen en
warrant-obligatieleningen: een agency-theoretische benadering
471 P.C. van Batenburg, J. Kriens, W.M. Lammerts van Bueren and
R.H. Veenstra
Audit Assurance Model and Bayesian Discovery Sampling
472 Marcel Kerkhofs
Identification and Estimation of Household Production Models
473 Robert P. Gilles, Guillermo Owen, René van den Brink
Games with Permission Structures: The Conjunctive Approach
474 Jack P.C. Kleijnen
Sensitivity Analysis of Simulation Experiments: Tutorial on Regres-
sion Analysis and Statistical Design
475 C.P.M. van Hoesel
An 0(nlogn) algorithm for the two-machine flow shop problem with
controllable machine speeds
476 Stephan G. Vanneste
A Markov Model for Opportunity Maintenance
477 F.A. van der Duyn Schouten, M.J.G. van Eijs, R.M.J. Heuts
Coordinated replenishment systems with discount opportunities
478 A. van den Nouweland, J. Potters, S. Tijs and J. Zarzuelo
Cores and related solution concepts for multi-choice games
479 Drs. C.H. Veld
Warrant pricing: a review of theoretical and empirical research
480 E. Nijssen
De Miles and Snow-typologie: Een exploratieve studie in de meubel-
branche
481 Harry G. Barkema
Are managers índeed motivated by their bonuses?].1
482 Jacob C. Engwerda, André C.M. Rar., Arie L. Rijkeboer
Necessary and sufficient conditions for the existgnce of a positive
definite solution of the matrix equation X t ATX- A- I
483 Peter M. Kort
A dynamic model of the firm with uncertain earnings and adjustment
costs
484 Raymond H.J.M. Gradus, Peter M. Kort
Optimal taxation on profit and pollution within a macroeconomic
framework
485 René van den Brink, Robert P. Gilles
Axiomatizations of the Conjunctive Permission Value for Games with
Permission Structures
486 A.E. Brouwer 8~ W.H. Haemers
The Gewirtz graph - an exercise in the theory of graph spectra
487 Pim Adang, Bertrand Melenberg
Intratemporal uncertainty in the multi-good life cycle consumption
model: motivation and application
488 J.H.J. Roemen
The long term elasticity of the milk supply with respect to the milk
price in the Netherlands in the period 1969-1984
489 Herbert Hamers
The Shapley-Entrance Game
490 Rezaul Kabir and Theo Vermaelen
Insider trading restrictions and the stock market
491 Piet A. Verheyen
The economic explanation of the jump of the co-state variable
492 Drs. F.L.J.W. Manders en Dr. J.A.C. de Haan
De organisatorische aspecten bij systeemontwikkeling
een beschouwing op besturing en verandering
493 Paul C. van Batenburg and J. Kriens
Applications of statistical methods and techniques to auditing and
accounting
494 Ruud T. Frambach
The diffusion of innovations: the influence of supply-side factors
495 J.H.J. Roemen
A decision rule for the (des)investments in the dairy cow stock
496 Hans Kremers and Dolf Talman
An SLSPP-algorithm to compute an equilibrium in an economy with
linear production technologies111
497 L.W.G. Strijbosch and R.M.J. Heuts
Investigating several alternatives for estimating the compound lead
time demand in an ( s,Q) inventory model
498 Bert Bettonvil and Jack P.C. Kleijnen
Identifying the important factors in simulation models with many
factors
499 Drs. H.C.A. Roest, Drs. F.L. Tijssen
Beheersing van het kwaliteitsperceptieproces bij diensten door middel
van keurmerken
500 B.B. van der Genugten
Density of the F-statistic in the linear model with arbitrarily
normal distributed errors
501 Harry Barkema and Sytse Douma
The direction, mode and location of corporate expansions
502 Gert Nieuwenhuis
Bridging the gap between a stationary point process and its Palm
distribution
503 Chris Veld
Motives for the use of equity-warrants by Dutch companies
504 Pieter K. Jagersma
Een etiologie van horizontale internationale ondernemingsexpansie
505 B. Kaper
On M-functions and their application to input-output models
506 A.B.T.M. van Schaik
Produktiviteit en Arbeidsparticipatie
507 Peter Borm, Anne van den Nouweland and Stef Tijs
Cooperation and communication restrictions: a survey
508 Willy Spanjers, Robert P. Gilles, Pieter H.M. Ruys
Hierarchical trade and downstream information
509 Martijn P. Tummers
The Effect of Systematic Misperception of Income on the Subjective
Poverty Line
510 A.G. de Kok
Basics of Inventory Management: Part 1
Renewal theoretic background
511 J.P.C. Blanc, F.A. van der Duyn Schouten, B. Pourbabai
Optimizing flow rates in a queueing network with side constraints
512 R. Peeters
On Coloring j-Unit Sphere Graphs1V
513 Drs. J. Dagevos, Drs. L. Oerlemans, Dr. F. Boekema
Regional economic policy, economic technological innovation and
networks
514 Erwin van der Krabben
Het functioneren van stedelijke onroerend-goed-markten in Nederland -
een theoretisch kader
515 Drs. E. Schaling
European central bank independence and inflation persistence
516 Peter M. Kort
Optimal abatement policies within a stochastic dynamic model of the
firm
517 Pim Adang
Expenditure versus consumption in the multi-good life cycle consump-
tion model
518 Pim Adang
Large, infrequent consumption in the multi-good life cycle consump-
tion model
519 Raymond Gradus, Sjak Smulders
Pollution and Endogenous Growth
520 Raymond Gradus en Hugo Keuzenkamp
Arbeidsongeschiktheid, subjectief ziektegevoel en collectief belang
521 A.G. de Kok
Basics of inventory management: Part 2
The (R,S)-model
522 A.G. de Kok
Basics of inventory management: Part 3
The (b,Q)-model
523 A.G. de Kok
Basics of inventory management: Part 4
The (s,S)-model
524 A.G. de Kok
Basics of inventory management: Part 5
The (R,b,Q)-model
525 A.G. de Kok
Basics of inventory management: Part 6
The (R,s,S)-model
526 Rob de Groof and Martin van Tuijl
Financial integration and fiscal policy in interdependent two-sector
economies with real and nominal wage rigidityv
527 A.G.M. van Eijs, M.J.G. van Eijs, R.M.J. Heuts
GecoSrdineerde bestelsystemen
een management-georiënteerde benadering
~ 528 M.J.G. van Eijs
Multi-item inventory systems with joint ordering and transportation
decisions
529 Stephan G. Vanneste
Maintenance optimization of a production system with buffercapacity
530 Michel R.R. van Bremen, Jeroen C.G. Zijlstra
Het stochastische variantie optiewaarderingsmodel
531 Willy Spanjers
Arbitrage and Walrasian Equilibrium in Economies with Limited Infor-
mationvi
IN 1992 REEDS VERSCHENEN
532 F.G. van den Heuvel en M.R.M. Turlings
Privatisering van arbeidsongeschiktheidsregelingen
Refereed by Prof.Dr. H. Verbon
533 J.C. Engwerda, L.G. van Willigenburg
LQ-control of sampled continuous-time systems
Refereed by Prof.dr. J.M. Schumacher
534 J.C. Engwerda, A.C.M. Ran ~ A.L. Rijkeboer
Necessary and sufficient conditions for the existence of a positive
definite solution of the matrix equation X t AMX-lA - Q.
Refereed by Prof.dr. J.M. Schumacher
535 Jacob C. Engwerda
The indefinite LQ-problem: the finite planning horizon case
Refereed by Prof.dr. J.M. Schumacher
536 Gert-Jan Otten, Peter Borm, Ton Storcken, Stef Tijs
Effectivity functions and associated claim game correspondences
Refereed by Prof.dr. P.H.M. Ruys
537 Jack P.C. Kleijnen, Gustav A. Alink
Validation of simulation models: mine-hunting case-study
Refereed by Prof.dr.ir. C.A.T. Takkenberg
538 V. Feltkamp and A. van den Nouweland
Controlled Communication Networks
Refereed by Prof.dr. S.H. Tijs
539 A. van Schaik
Productivity, Labour Force Participation and the Solow Growth Model
Refereed by Prof.dr. Th.C.M.J. van de Klundert
540 J.J.G. Lemmen and S.C.W. Eijffinger
The Degree of Financial Integration in the European Community
Refereed by ProF.dr. A.B.T.M. van Schaik
541 J. Bell, P.K. Jagersma
Internationale Joint Ventures
Refereed by Prof.dr. H.G. Barkema
542 Jack P.C. Kleijnen
Verification and validation of simulation models
Refereed by Prof.dr.ir. C.A.T. Takkenbergi~u~áii~~ïiu~uiuii~~Níu~~iiii~u